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Abstract 
In this paper, the backward two-dimensional nonlinear Klein-Gordon equation is solved by using a Lie-group approach. 
Because the solution does not continuously depend on the presented data, the inverse problem is famous for seriously ill-
posed. A numerical example of the backward nonlinear Klein-Gordon equation demonstrates that this method is applicable, 
and the computational cost is quite cheap. Although the recovery of a presently wave is from the final time and under a 
large noise imposed on the final time data, this algorithm still works effectively and accurately. These numerical results are 
rather important in the computations of backward nonlinear Klein-Gordon equation. 
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Nomenclature 
Ac       coefficient used in Eq. (13) 
Ad      coefficient used in Eq. (13) 
D         augmented matrix 
F(x,y)        a linear function of u 
f    n-dimensional vector field 
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g    n+1-dimensional Minkowski metric 
G    an element of Lorentz group 
0
0G            the 00th component of G 
In    n-dimensional unit matrix 
R              the set of real numbers 
nR    n-dimensional real space 
R(i)   random numbers 
s   noise level 
SOo(n,1)   n+1-dimensional Lorentz group 
so(n, 1)   the Lie algebra of SOo(n,1) 
t    a time variable 
t0    initial time 
ǻt   a time stepsize 
T   final time 
u   the wave displacement of a plane 
ui   numerical value of u at the ith grid point 
x  space variable 
ǻx  uniform spatial lengths of x 
y  space variable 
ǻy  uniform spatial lengths of x 
Y   n+1-dimensional augmented vector 
Subscriptsġand superscripts 
F      final time 
i   spatial grid numbers in x direction 
j   spatial grid numbers in y direction 
A    temporal grid numbers 
T      transpose 
1. Introduction 
The solutions of the nonlinear Klein–Gordon equation are significant in many applications such as spin 
waves, nonlinear optics, solid state physics, quantum field theory and problems in mathematical physics. El-
Sayed [1] has utilized the Adomian’s decomposition method (ADM) to solve the linear and nonlinear Klein-
Gordon and sine-Gordon equations. He claimed that the convergence of the ADM is faster than that for the 
spline finite difference method for the problem. Subsequent to El-Sayed [1], He’s variational iteration method 
was proposed to deal with the Klein-Gordon equation and compared with the ADM and acquired the accurate 
results in Yusufo÷lu [2]. Apart from this, Ravi Kanth and Aruna [3] has used the differential transform method 
to resolve the linear and nonlinear Klein-Gordon equations and displayed the effectiveness of the present 
method. Later, Khuri and Sayfy [4] employed a spline collocation approach to cope with the generalized 
nonlinear Klein-Gordon equation and obtained the good results. 
We propose a Lie-group approach, i.e., the backward group preserving scheme (BGPS) to cope with the 
backward nonlinear Klein-Gordon equation in this article. Liu, Chang and Chang [5] first employed this 
scheme to tackle the homogeneous backward heat conduction problem. As a matter of fact, the BGPS was an 
extension of the research by Liu [6] by considering the time regression of equations in the formation of 
backward group theory. After that, Liu [7] and Liu, Chang and Chang [8] also extended the BGPS to solve the 
advection-dispersion equation and the backward in time Burgers equation, respectively. Then, Chang and Liu 
[9] extended the BGPS to deal with these multi-dimensional homogeneous backward wave problems (BWPs) 
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and acquired accurate results without considering a priori regularization. Recently, Chang [10] has utilized a 
fictitious time integration algorithm to resolve the homogeneous BWPs and obtained the rather accurate results. 
Later, Chang [11] proposed the BGPS to cope with the linear Klein-Gordon equation and attained the good 
results. 
2. Backward two-dimensional nonlinear Klein-Gordon equation 
We ponder the backward two-dimensional nonlinear Klein-Gordon equation as follows: 
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and the final condition 
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where u is the wave displacement of a plane, F(x, y) is a linear function of u, and c is the velocity of a 
propagation wave.  
    To utilize a semi-discrete process to Eq. (1), we can obtain a coupled system of ODEs: 
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where ǻx is uniform spatial length in x direction, ǻy is uniform spatial length in y direction, ui,j(t) = u(iǻx, jǻy, 
t), vi,j(t) = v(iǻx, jǻy, t), u  indicates the differential of u with respect to t, and v  presents the differential of v 
with respect to t. Obviously, in Eq. (4) there are totally 2n2 coupled linear differential equations for these n2 
variables ui(t), i,j = 1,2 ,," n, and the n2 variables vi,j(t), i = 1,2 ,," n, which, even for a specified final time 
condition can be numerically integrated by the BGPS developed in Section 3 for the resulting backward ODEs.  
3. Backward problems and Lie-group approach 
3.1. Dynamics on a past cone 
In general, the final value issues can not be solved accurately and efficiently by the conventional schemes. 
These time backward problems of ordinary differential equations type can be presented by 
.     ,     ),,(  RR tt nyyfy  (5) 
With a specified final value y(0) at t = 0, we attempt to recover the past values of y in the past time of t < 0. 
We can embed Eq. (5) into the following n+1-dimensional augmented dynamical system: 
593 Chih-Wen Chang and Chia-Chen Kuo /  Procedia Engineering  79 ( 2014 )  590 – 598 
. 
0),(
),(
T »
¼
º
«
¬
ª

»
»
»
»
¼
º
«
«
«
«
¬
ª


 »
¼
º
«
¬
ª

u
y
y
y
yf
y
yf0
y
y
t
t
dt
d nn  (6) 
It is apparent that the first row in Eq. (6) is the same as the original Eq. (5); nevertheless, the inclusion of the 
second row in Eq. (6) bestows on us a Minkowskian structure of the augmented state variables of 
TT ),(: yyY   fulfilling a past cone condition: 
.0222T    yyyyyYgY  (7) 
Hence, we have an n+1-dimensional augmented system: 
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with a constraint (7), in which 
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satisfying 
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which is a Lie algebra so(n,1) of the proper orthochronous Lorentz group SOo(n,1).  
     According the above Lie algebra property of D, we can express a backward group preserving scheme as 
,)(1 AA A YGY   where AY  represents the numerical evaluation of Y at the discrete time ,At and )(AG SOo(n,1) 
is the group evaluation at time :At  
.)(1 AA A YGY    (11) 
3.2. Lie-group approach for backward differential equations system 
To assume that )(AD  is a constant matrix, an exponential mapping of )(AD  permits a closed-form 
representation: 
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where 
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Substituting the above )](ǻexp[ ADt  for )(AG  into Eq. (11) and taking its first row, we acquire 
.
 )1(
21 AAAA
A
AAAAAA
AA fyf
f
fyyf
yy K 

 
dc
   (14) 
4. Numerical example 
We are interested in the stability of our approach when the input final data are contaminated by the random 
noise for the  problem. We can calculate the stability by increasing the different levels of random noise in the 
final data: 
],1)(2[ˆ FF  iRsuu    (15) 
in which uF is the final exact data. We utilize the function RANDOM_NUMBER given in Fortran to generate 
the noisy data R(i), which are random numbers in [-1, 1], and s denotes the level of absolute noise. Then, the 
final noisy data Fuˆ  are employed in the following example. 
4.1. Example 1 
We contemplate the following backward two-dimensional nonlinear Klein-Gordon equation: 
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and the final condition 
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The exact solution is given by 
.      ,)sin()cos()cos(),,( 0 Ttttyxtyxu d   (19) 
The above backward nonlinear Klein-Gordon equation has a unique solution if and only if the ratio ʌ/T is 
an irrational number. Furthermore, we employed a time incrementġǻt = 10-5, a grid length ǻx =ġʌ/50, c = 1, t0 = 
0.1, T = 1, and calculated this experiment by the BGPS. The accuracy as can be displayed from Fig. 1(a) is very 
good. To show a stringent exam of the BGPS when applied it on this instance, we let T = 10 and demonstrate 
the accurate result in Fig. 1(b). 
We are interested in the stability of BGPS when the input final data are contaminated by random noise, 
which is studied by pondering the level of random noise on the final data. The results of T = 1 are compared 
with the numerical result without deliberating the absolute random noise in Figs. 2 and 3. Notice that the 
absolute noise level with s = 5E-4 perturbs the numerical solutions a little from that without considering the 
noise. 
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Fig. 1. The errors of BGPS solutions for Example 1 are depicted in (a) with T = 1, and in (b) with T = 10. 
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Fig. 2. The numerical errors of BGPS solutions with and without random noise effect for Example 1 are drawn in (a) with respect to x at 
fixed y = ʌ/2, and in (b) with respect to y at fixed x = ʌ/6. 
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(a)     (b)     
(c)  
Fig. 3. The exact solution for Example 1 of two-dimensional nonlinear backward Klein-Gordon equation with T = 1 are displayed in (a), in 
(b) the BGPS solution without random noise effect, and in (c) the BGPS solution with random noise. 
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5. Conclusion 
In this study, we concern this numerical integration problem of backward nonlinear Klein-Gordon equation, 
in which the important opinion is the architecture of a past cone and a BGPS. On the basis of this numerical 
example, we illustrate that the BGPS is applicable to the backward two-dimensional nonlinear Klein-Gordon 
equation and stability, and even for the seriously ill-posed one. The numerical errors of our scheme are in the 
order of O(10-4)ˉO(10-5). When using the specific grid spacing lengths and time stepsizes, we can acquire the 
accurate results. 
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